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2ing to further breaking of Z
2N
symmetry to a left over Z
2
symmetry and we have N equivalent vacua. The gaugino
condensate is a relevant ingredient to constrain the the-
ory. In literature it has been computed in dierent ways
and we recall here its expression in two much studied
schemes [14, 21]:
 The Holomorphic Scheme/Wilsonian
h
2


































 The Non Holomorphic Scheme/Pauli Villars
h
2
































Here the condensate is non-holomorphic in 
YM
.
The gaugino condensate is a universal physical constant
independent on the scheme. This fact not only allows
one to compute the perturbative -functions in the two
schemes since the respective coupling constant must de-
pend on the scale in such a way to compensate the depen-
dence on  but it also enables us to establish a relation
between the coupling constants in the two schemes.
The holomorphic scheme is very constrained leading
to a pure one-loop type of running. This is a welcome
feature from the point of view of the supercurrent chiral
multiplet [14]. The second scheme is non holomorphic
in the coupling constant. The theta dependence is con-
strained by the U (1)
R
anomalous symmetry. The two


















where we added a superscript H to distinguish the holo-
morphic coupling from the non holomorphic one. Note
that the transition from one to the other scheme does not
alter the theta dependence of the theory. This request
manifestly breaks the holomorphicity in the coupling con-
stant for the non Wilsonian scheme. The independence


































and L = ln(=) while  is the renor-
malization scale and  a reference scale. Due to the
relation (3) the one-loop and the perturbative multi loop
-function carry the same perturbative physical informa-
tion. Although these couplings may capture the all order
perturbative terms the non perturbative contributions (if
any) to the complete -functions are still missing.
These two schemes display no universality of the two
loop coeÆcient of the -function. This is due to the non
analytical relation between the coupling constants in the
two schemes (3). In fact the universality argument for
the two loop -function coeÆcient is valid for part of the
possible choices of renormalization schemes [22].
If supergravity-gauge theory correspondence is valid
it should be possible to adopt dierent renormalization
schemes when connecting the supergravity solutions to
the associated gauge theory. We will address this issue
in the following sections.
III. FRACTIONAL BRANES: THE SET UP
Let us now consider the pure SYM realized as the
world-volume theory of a stack of N D3-fractional branes


































and consider fractional branes that are completely





(labeled by ;  : : : ) .
Within this orbifold one has four kinds of D3-fractional
branes[13], corresponding to the four irreducible repre-




, each of them support-
ing in its world-volume a N = 1 SYM theory.
In the followingwe will consider the low energy dynam-
ics of a bound state made of just one kind of D3-fractional
branes. The gauge theory supported by a pile of N of
such objects is a pure N = 1 super Yang-Mills theory.
The supergravity solution determined by this source
has been computed in the paper of Ref. [13]. In the
following we specify that solution for the case that we are
interested in; i.e. the case of only one type of fractional















































































) (i = 1; 2; 3).




(i = 1; 2; 3) correspond





3the anti-self dual 2-forms !
i
(2)




The gauge coupling and the theta angle of the dual
gauge theory, are given in terms the twisted elds uxes




























































where hzi is nothing but hi when restricting ourselves to
the real part. hzi is real since we have chosen in eq.(10) a
null background value for the c
i
elds. However while still
satisfying the equation of motion we can make a dierent
constant choice for such background which promotes hzi
to a complex variable.






















ln  F () : (15)
Being the supergravity solution singular we cannot ex-
plore the IR of the theory which would correspond to
small values of . This is possible, as already discussed,
in the case of the wrapped brane scenario. The hope is
that, in a not too far future, by resolving the singular-
ity one can check the super Yang-Mills IR physics using
fractional branes.
It is worth mentioning that it has been very useful in
the wrapped brane scenario to relate a known function
of the supergravity coordinates with the gaugino conden-
sate [23]. We shall suggest, in the last paragraph, how
such a relation may emerge in the fractional brane sce-
nario as well.
IV. UV BOUNDARY CONDITIONS: FROM
ONE LOOP TO MULTI LOOPS






= F (); !1 : (16)
In order to compute the standard gauge theory -
function we must dierentiate the coupling constant with
respect to L = ln (=) with  the renormalization scale
and  a renormalization invariant scale. Supergravity
is not able to predict such a relation between  and .
Without loss of generality we can nevertheless dene the




















which clearly captures asymptotic freedom. Once the re-












For non singular Jacobian @=@L most of the informa-
tion carried in 

is transferred to the gauge theory -
function. If this were not the case the supergravity/gauge
connection would be meaningless.
In order to x the functional dependence between the
supergravity parameter  and L we use the known form
of the -function in UV. This UV type of boundary con-
ditions are similar to the ones introduced in the context
of the wrapped brane scenario [18].
A. Wilsonian UV Boundary Condition










This specic boundary condition reproduces the relation
between  and  already adopted in literature.
B. Pauli Villars UV Boundary Condition
We have already stressed that the physical information
encoded in the -function expressed in this scheme is the
same than the one carried in the Wilsonian scheme so
there is no reason for the supergravity solution not to






















4with y() = ln and to write the last identity we have
used eq. (15). After integrating we have:
3L = 3 ln   ln (ln) ; (22)









; !1 : (23)
Note that in this scheme the two loop coeÆcient is not
vanishing. Any other scheme in which the coupling con-
stant relation can be written as a series expansion with
respect to the new coupling constant will display the
universality of the two loop coeÆcient of the -function
[22]. The Wilsonian coupling relation to the Pauli-Villars
scheme is not analytical and as such does not display the
universality of the loop coeÆcient of the respective -
functions. It is also interesting to observe that our func-
tional relation eq. (23) does not change if we neglect in




V. THE HIDDEN GAUGINO CONDENSATE
The gaugino condensate is a key ingredient when
studying N = 1 super Yang-Mills gauge theory. In par-
ticular being a renormalization group invariant quantity
is constant for any (non-zero) value of the coupling con-
stant and in any scheme. In particular is present at weak
coupling.
Here we suggest a possible correspondence between su-
pergravity and the gaugino condensate within the frac-
tional brane scenario. In order to nd such a relation
we recall that in supergravity the combination of twisted
elds given by the eq.(13) is identied with the complex
coupling of the gauge theory.








with  the U (1)
R














charge two and engineering mass dimension
three. Eq. (25) is also precisely the combination appear-
ing in eq. (13). Furthermore when choosing a particular
supergravity scale (i.e. a value for the coordinate z
i
) we
break the R-symmetry to Z
2
. It is hence tempting to
suggest that there exists a functional relation between

















where the functionF can be xed using the UV boundary
conditions used in the previous section or equivalently
the expression for the gaugino condensate presented in
eqs. (1), (2). Equation (26) shows the direct link between
hzi and h
2
i and is consistent with the U (1)
R
transfor-
mation. Indeed hzi can be imagined to be the vacuum ex-
pectation value of z
i
with R-charge 2=3 while h
2
i is the
condensate of the gluino which possesses, in the present




Using the gaugino expression in the Wilsonian scheme
(see eq. (1)) one deduces F = const: while in the multi
loop case (2) we have F = const:=ln.
It is instructive to determine F again, within the non-
holomorphic renormalization scheme, using the univer-
sality of the two loop coeÆcients of the -function. This
is equivalent to the boundary conditions just imposed
but it shows the intimate relation between the gaugino
condensate and the beta function.














where  is dened in eq. (14) and we used the relation
between the gaugino condensate and the dynamical scale







Furthermore by using the relations (27) and the (11) we
can compute from the classical solution, the -function































lnF() : : :
i
(28)
The second expression follows because we are considering
a perturbative expansion for the -function. Using the
universality of the rst two orders of the -function [22]






ln ln  (29)
which xes F =
const:
ln
in the UV regime. Substituting































This is the NSVZ -function[14], also found in Ref.[26].
5VI. CONCLUSIONS
We investigated the UV properties of the N = 1 super
Yang-Mills theory using singular supergravity solutions
corresponding to fractional branes. We rst dened the
-function with respect to the supergravity coordinate
 and found a supergravity type of asymptotic freedom.
To provide the relation between the supergravity param-
eter and the renormalization group scale we used the UV
known gauge theory -function as a kind of boundary
condition. The UV boundary conditions take the form
of linear dierential equations which can be easily solved.
In particular we have seen that there are no privileged
renormalization schemes connected to a given supergrav-
ity solution. We investigated in some detail two schemes.
The Wilsonian one where, technically, just one loop is
present and the one containing multi-loops. We recall
that in the multi-loop -function the rst two coeÆcients
are universal [22] while the others are scheme dependent.
Furthermore, by analyzing how the U (1)
R
symmetry
is realized in supergravity, we determined a functional
relation between the gaugino condensate and a particular
combination of the coordinates transverse to the brane.
The IR physics cannot be uncovered with singular su-
pergravity solutions. However the hope is that in the fu-
ture, by resolving somehow the singularity, one can use
fractional branes to get an independent check of the IR
uncovered via wrapped branes [16] [18]. Besides, at the
moment, within the fractional brane scenario it is possi-
ble to investigate N = 1 supersymmetric gauge theories
with matter elds.
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